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a b s t r a c t
If every vertex of a graph is an endvertex of a hamiltonian path, then the graph is
called homogeneously traceable. If we require each vertex of a graph to be an endvertex
of a longest path (not necessarily a hamiltonian path), then we call the graph a detour
homogeneous graph. The concept of a homogeneously traceable graph was extended to
digraphs by Bermond, Simões-Pereira, and C.M. Zamfirescu. Skupień introduced different
classes of such digraphs. In this paper we discuss the extension of the concept of a detour
homogeneous graph to digraphs.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
If every vertex of a graph is an endvertex of a hamiltonian path, then the graph is called homogeneously traceable. This
concept was introduced by Skupień in the mid 1970s, see [12]. Further references on this topic are [4,9,10]. If we require
each vertex of a graph to be an endvertex of a longest path (not necessarily a hamiltonian path), then we call the graph a
detour homogeneous graph. Connected, nontraceable detour homogeneous graphs are studied in [3], where they are named
detour graphs.
The concept of a homogeneously traceable graph was extended to digraphs by Bermond, Simões-Pereira and Zamfirescu
[2]. Different classes of homogeneously traceable digraphs were introduced by Skupień [11]. The purpose of the present
paper is to analogously extend the concept of a detour homogeneous graph to digraphs. We first introduce the notation and
terminology used in this paper.
Let D be a digraph with vertex set V (D) and arc set A(D). The order and size of a digraph is denoted by |D| and ‖D‖,
respectively. If A ⊂ V (D), then 〈A〉 denotes the subdigraph of D which is induced by A. The converse of a digraph is the
digraph obtained by reversing the orientations of each arc. For undefined concepts we refer the reader to [1].
A directed path (directed cycle) in a digraph will simply be called a path (cycle). A cycle is called an r-cycle if r is its
order. The circumference c(D) of a digraph D is the order of a longest cycle of D. A digraph D is strong if every vertex of D
is reachable from every other vertex of D. An oriented graph is a digraph with no cycle of order 2. A path in a digraph D is
called a hamiltonian path if it contains all the vertices of D. A digraph is said to be traceable if it contains a hamiltonian path.
Similarly, a cycle in D is called a hamiltonian cycle if it contains all the vertices of D. In such a case D is called a hamiltonian
digraph. A digraph D is called hypohamiltonian if D is nonhamiltonian but for each v ∈ V (D) the vertex-deleted subdigraph
D− v is hamiltonian.
Recall [11] that a digraph D is called homogeneously traceable (HT) if each of its vertices is the first or last vertex of a
hamiltonian path of D. If each vertex of D is the first vertex of a hamiltonian path then D is said to be homogeneously out-
traceable (out-HT). A digraph is said to be homogeneously in-traceable (in-HT) if each of its vertices is the last vertex of a
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Fig. 1. Subclasses of the class DH.
hamiltonian path of D. If D is out-HT or in-HT then D is called homogeneously unilaterally traceable (u-HT). If D is both out-HT
and in-HT then D is called homogeneously bilaterally traceable (bi-HT).
We are going to adopt this terminology to the case when the longest path, which is called a detour of D, need not be
hamiltonian. A digraph D is called a detour homogeneous digraph if each vertex v ∈ V (D) is the first or last vertex of a detour
ofD. An out-detour homogeneous digraph is a digraph such that each vertex is the first vertex of a detour ofD. The digraphD is
called an in-detour homogeneous digraph in case each vertex is the last vertex of a detour of D. We say D is a unilateral detour
homogeneous digraph if D is an out-detour homogeneous digraph or an in-detour homogeneous digraph. Furthermore, we
say D is a bilateral detour homogeneous digraph if D is both an out- and in-detour homogeneous digraph.
The number of vertices in a detour of D is called the detour order of D and is denoted by τ(D). The difference between
the order |D| and the detour order of a digraph D is called the detour deficiency of D. If v is a vertex of a digraph D then
a path starting (ending) at v is called a v-out-path (a v-in-path). The longest among such paths is called a v-out-detour (a
v-in-detour) of D. A digraph is called diregular (2-diregular) if the out-degree and in-degree of each vertex are the same
(equal to 2). The out- and in-degree of a vertex v ∈ V (D) are denoted by d+(v) and d−(v), respectively. Furthermore, the
out-neighbourhood and in-neighbourhood of v are denoted by N+(v) and N−(v) respectively. The vertices in N+(v) and
N−(v) are called the out-neighbours and in-neighbours of v respectively.
Notice that hamiltonian as well as hypohamiltonian digraphs are bi-HT. A construction is given in [11] for n-vertex
nonhamiltonian bi-HT oriented graphs with smallest possible size 2n, for all n ≥ 7. It is known, on the other hand, that
no such oriented graph exists if n ≤ 6. Digraphs of order n which are bi-HT and nonhamiltonian are known to exist if, and
only if, n ≥ 5. The smallest of them, on 5 vertices, is presented in [2]. Examples of hypohamiltonian digraphs of order n ≥ 6
are constructed in [5–7,15]. Moreover, n-vertex HT digraphs (oriented graphs) which are not u-HT are constructed in [11]
for n ≥ 2 (2 ≤ n 6= 3).
In this paper we restrict ourselves to the study of detour homogeneous digraphs with positive detour deficiency. We
require that these digraphs are connected and then they are named DH digraphs. Thus DH stands for the class of connected
digraphs whose each vertex is the first or the last vertex of a detour, provided that the detour is not a hamiltonian path.
The names of the corresponding restricted classes (and the corresponding descriptive phrases) are abbreviated to out-DH,
in-DH, u-DH and bi-DH digraphs. Of course, the converse of an out-DH digraph is an in-DH digraph, and vice versa.
We are going to show that Fig. 1 represents strict inclusions between the classes in the sense that each region therein
represents a nonempty subclass. Then strict elements of any class (strict DH, strict u-DH (in-DH or out-DH) digraphs) are those
which do not belong to any of the proper subclasses presented in Fig. 1.
2. Properties of u-DH digraphs
The following lemma gives an indication of the structure of out-DH digraphs.
Lemma 2.1. Assume D is a connected out-DH digraph. Then the following hold:
(i) If Pv is a v-out-detour of D then ∅ 6= N−(v) ⊂ V (Pv) for each vertex v ∈ V (D).
(ii) d+(v) ≥ 2 for each vertex v ∈ V (D).
(iii) ‖D‖ ≥ 2|D|.
(iv) D is strong.
(v) |D| ≥ c(D)+ 2.
(vi) If D is oriented then d−(v) ≤ c(D)− 2 for each vertex v ∈ V (D).
(vii) If D is oriented and there exists a vertex v such that d−(v) = c(D)− 2, then 〈N−(v)〉 is traceable.
(viii) If D is oriented then c(D) ≥ 5.
Proof. We only prove (ii), (iv), (vi) and (viii).
(ii) Let v+ denote an out-neighbour of v. Since any v+-out-detour contains v, and since v cannot be the last vertex of a
v+-out-detour, the vertex v has to have at least one out-neighbour other than v+.
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(iv) Property (i) implies that each arc e, say e = (u, v), is in a cycle. On the other hand, all cycles containing e are in a unique
strong component of D. Hence, by (i), all arcs entering any vertex v are in the same strong component. Consequently,
so are all arcs incident to v. Therefore D is strong.
(vi) Let v ∈ V (D) and Pv be a v-out-detour of D. By (i) N−(v) ⊂ V (Pv). Since D is oriented the vertex v+ following v on Pv
is not an in-neighbour of v. Therefore D contains a cycle of order at least d−(v)+ 2, hence c(D) ≥ d−(v)+ 2.
(viii) Note that
∑
v∈V (D) d−(v) = ‖D‖ =
∑
v∈V (D) d+(v) ≥ 2|D| by (ii). Hence the maximum in-degree ∆− ≥ 2 among
vertices of D and, moreover, if themaximum out-degree∆+ > 2 then∆− > 2. Therefore, by (vi), c(D) ≥ ∆−+2 ≥ 4.
Now suppose c(D) = 4. Then |D| ≥ 6 by (v),∆− = ∆+ = 2, andD is 2-diregular. Hence, by (vii), the in-neighbourhood
of any vertex comprises two adjacent vertices. Let abcda be a 4-cycle of D. Without loss of generality we assume that
(e, d) ∈ A(D) for some vertex e ∈ V (D). Then (c, e) 6∈ (D) since c(D) = 4. However, N−(d) = {c, e} and therefore
(e, c) ∈ A(D). Hence in turn (e, b), (e, a) ∈ A(D). Consequently∆+ ≥ d+(e) > 2, a contradiction. 
Since the converse of an in-DH digraph is out-DH, the corresponding lemma, say Lemma 2.1* (concerning an in-DH
digraph D), is obtained from Lemma 2.1 by replacing the phrase ‘‘out-’’ by ‘‘in-’’ both in the first sentence and condition (i)
together with interchanging superscripts+,− in conditions (i), (ii), (vi), (vii).
Corollary 2.2. Assume D is a bi-DH digraph. Then
(i) both d+(v) and d−(v) are at least 2 for each vertex v ∈ D;
(ii) D is 2-diregular if, and only if, the size of D is the smallest possible, that is ‖D‖ = 2|D|.
The following theorem gives a lower bound on the order of an out-DH oriented graph. (And therefore also of an u-DH or
bi-DH oriented graph, of course.)
Theorem 2.3. Suppose D is a connected out-DH oriented digraph. Then |D| ≥ 8.
Proof. From Lemma 2.1 (viii) and (v) it follows that |D| ≥ 7.
Now suppose that |D| = 7. Then c(D) = 5 and τ(D) = 6 and we note from Lemma 2.1 (vi) that d−(v) ≤ 3.
Let V (D) = {v1, . . . , v7}. Without loss of generality we assume that v1 . . . v5v1 is a 5-cycle in D and that (v5, v6) ∈ A(D).
Now (v6, v7) 6∈ A(D) and N+(v6) ⊂ {v2, v3, v4}. Since the out-degree of each vertex is at least two, we consider the three
cases {v2, v3} ⊂ N+(v6), {v2, v4} ⊂ N+(v6) and {v3, v4} ⊂ N+(v6).
Case 1 Suppose {v2, v3} ⊂ N+(v6). Then v1, v6 and v7 are pairwise non-adjacent. But then, from Lemma 2.1 (vii),
v2 6∈ N+(v7). If v3 is an out-neighbour of v7, then from Lemma 2.1 (vii), (v2, v7) ∈ A(D), but then D is traceable. Hence
N+(v7) = {v4, v5}. Now if (v2, v7) ∈ A(D), then v1v2v7v5v6v3v4 is a hamiltonian path in D and similarly if (v3, v7) ∈ A(D),
then v1v2v3v7v4v5v6 is a hamiltonian path in D. Hence, v7 does not have any in-neighbours and therefore this case is not
possible.
Case 2 Suppose {v2, v4} ⊂ N+(v6). Then, once again, v1, v6 and v7 are pairwise non-adjacent.
First we show that v4 cannot be an out-neighbour of v7. Suppose (v7, v4) ∈ A(D). Then 〈{v3, v6, v7}〉 is traceable. Hence
either v6v3v7 or v7v3v6 is a path in D. But then either v1v2v3v7v4v5v6 or v7v3v6v4v5v1v2 is a hamiltonian path in D, a
contradiction. Similarly, if (v7, v2) ∈ A(D), then 〈{v6, v1, v7}〉 is traceable, and it is easy to see that again a hamiltonian
path is forced in D, a contradiction.
Therefore N+(v7) = {v3, v5}. Then v2 and/or v4 are the only possible in-neighbours of v7. However, D is seen to be
traceable in either case, a contradiction.
Case 3 Suppose that {v3, v4} ⊂ N+(v6). Then v6 and v7 are nonadjacent, (v7, v1) 6∈ A(D) and (v6, v1) 6∈ A(D) and
N+(v7) ⊂ {v2, v3, v4, v5}.
First we show that v3 is not an out-neighbour of v7. Suppose (v7, v3) ∈ A(D). Then, from Lemma 2.1 (vii), either v7v2v6
or v6v2v7 is a path in D. But then either v7v2v6v3v4v5v1 or v1v2v7v3v4v5v6 is a hamiltonian path in D, a contradiction.
Now suppose (v7, v4) ∈ A(D). Again, from Lemma 2.1 (vii), (v3, v7) ∈ A(D). But then D is traceable. Hence N+(v7) =
{v2, v5}. Now {v1, v3, v4} ⊂ N−(v7). But the addition of any one of the arcs (v1, v7), (v3, v7) or (v4, v7) results in a
hamiltonian path in D: v1v7v2v3v4v5v6, v1v2v3v7v5v6v4 or v1v2v3v4v7v5v6. This case is therefore also not possible. 
3. General construction of DH digraphs
A triple (T , {a, b}, c), referred to as a triple T , is a digraphical triple if T is a digraph and a, b, c are three distinguished
vertices of T with d+(c) = 0. If T is an oriented graph then the triple is called a triple on an oriented graph.
Let T be a digraphical triple. Let D = ©(T ) be the digraph obtained from T by adding the arcs (c, a) and (c, b). Thus a
unary operation© on T is defined.
Definition 3.1. Consider the following conditions on the digraph D = ©(T ), where T is a digraphical triple.
(i) c(D) = |D| − 1.
(ii) There is a cycle of order |D| − 1 passing through the vertex c .
(A) The digraph D is out-HT.
(B) The digraph D is bi-HT.
If conditions (i), (ii), and (A) hold then the triple T is called an A-triple. If conditions (i), (ii), and (B) hold then the triple T is
called a B-triple. Such a triple T is called the smallest if its size is 2|T | − 2.
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Fig. 2. Digraph©(T1 ◦ T2 ◦ T3 ◦ T4).
Notice that each B-triple is an A-triple. Assume that Ti stands for an A-triple with distinguished vertices denoted by
ai, bi, ci. We define the composition T1 ◦ T2 of T1 and T2 to denote a digraphical triple (T1,2, {a1, b1}, c2) where T1,2 is the
disjoint union T1 ∪ T2 together with the arcs (c1, a2) and (c1, b2). Notice that the composition is associative. Hence, for
k ≥ 2, T1 ◦ T2 ◦ · · · ◦ Tk is a digraphical triple. For k ≥ 2, we extend the unary operation© to k-multisets of digraphical
triples by assuming that
©(T1, T2, . . . , Tk) := {©(T ′1 ◦ T ′2 ◦ · · · ◦ T ′k): (T ′1, T ′2, . . . , T ′k) is a permutation of T1, T2, . . . , Tk},
which is a set of mutually nonisomorphic digraphs, see Fig. 2. Thus the operation© has become multivalued. By abusing
notation (which is quite typical for multivalued operations), we write
©(T ′1 ◦ T ′2 ◦ · · · ◦ T ′k) = ©(T1, T2, . . . , Tk). (1)
If all Ti are isomorphic with T , then the right-hand side of (1) is abbreviated to the symbol©(k ? T ). In general,
©(m1 ? T1,m2 ? T2, . . . ,mk ? Tk) = ©(T1, . . . , T1︸ ︷︷ ︸
m1
, T2, . . . , T2︸ ︷︷ ︸
m2
, . . . , Tk, . . . , Tk︸ ︷︷ ︸
mk
).
The next lemma extends item (ii) of Lemma 2.1.
Lemma 3.1. Let D be a u-HT digraph. Then for each vertex v of D, d+(v) ≥ 2 if D is out-HT and d−(v) ≥ 2 if D is in-HT. 
This result is noted in [2], but only for out-HT digraphs. As a corollary we have an extension of item (iii) of Lemma 2.1.
Corollary 3.2 ([2,11]). If D is a u-HT digraph then ‖D‖ ≥ 2|D|, the lower bound being attainable for |D| ≥ 5. 
Theorem 3.3. Let Ti be an A-triple, i = 0, 1, . . . , k− 1, k ≥ 2, and D ∈ ©(T0, T1, . . . , Tk−1), e.g., D = ©(T0 ◦ T1 ◦ · · · ◦ Tk−1).
Then
(α) the digraph D is an out-DH digraph with detour deficiency k− 1;
(β) if each Ti is a B-triple then the digraph D is a bi-DH digraph with detour deficiency k− 1;
(γ ) the size of D is the smallest possible, ‖D‖ = 2|D|, if, and only if, the size of each triple Ti is the smallest possible.
Proof. Assume that subscripts are read modulo k. Conditions we refer to are those in Definition 3.1. Let v be a vertex of D,
and v ∈ V (Tj), j being fixed.
Part (α): We first construct a v-out-path Q of order |D| − k+ 1 in D. Let P be a hamiltonian v-out-path of©(Tj), which
exists due to condition (A). Let the v–cj section of P make up the initial section of Q and let Q pass through all vertices but
one of each digraph Ti for i = j+ 1, . . . , j− 1 along the section (of order |Ti| − 1) of the cycle guaranteed by condition (ii)
for©(Ti). Hence Q avoids k − 1 vertices (exactly one vertex in each of Ti for i = j + 1, . . . , j − 1) before Q reaches cj−1.
Suppose that P includes an arc (cj, uj) where uj ∈ {aj, bj}. Then we assume that Q includes both the arc (cj−1, uj) and the
terminal uj-section of P . Therefore the order of Q is as claimed.
Without loss of generality we assume that v is chosen so that the v-out-detour, say Q ′, is the longest possible in D. If Q ′
intersects Ti, i 6= j, then Q ′ enters Ti from the vertex ci−1 and either reaches ci and then, by (i), Q ′ omits at least one vertex
of Di, otherwise ci is omitted by Q ′. Hence by the very construction of D, Q ′ can include all vertices of Di only if i = j. This
finishes the proof of part (α).
Part (β): It is enough to construct a v-in-path Q˜ of order |D| − k + 1 in D. To this end, we consider two cases. If v = cj,
then a hamiltonian cj+1-in-path of Tj+1 is chosen to be an initial section of Q˜ . If v 6= cj, we use a hamiltonian v-in-path, say
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Fig. 3. Digraph Di,0 .
Fig. 4. Digraph F 1 .
P˜ , of©(Tj). The removal from P˜ of the arc starting at cj gives the two extreme sections of Q˜ . The remaining part of Q˜ avoids
one vertex of each remaining Ti in the same way as Q does.
Part (γ ): By the construction of the digraph D, the size
‖D‖ = 2k+
k−1∑
i=0
‖Ti‖ =
k−1∑
i=0
‖©(Ti)‖ ≥ 2
k−1∑
i=0
|Ti| by Corollary 3.2,
= 2|D|.
Hence ‖D‖ is the smallest possible if, and only if, each ‖©(Ti)‖ is so, that is, ‖D‖ = 2|D| if, and only if, ‖©(Ti)‖ = 2|Ti| for
each i. 
4. Construction of bi-DH oriented graphs and digraphs
For i = 7, 8, 9, let Di,0 be the oriented graph with vertices 0, 1, . . . , i−1, as depicted in Fig. 3 ([11, Fig. 2]), where neither
of the (geometric) points 7 and 8 are vertices for i = 7, the point 7 is a vertex but point 8 is not a vertex for i = 8, and
both points 7 and 8 are vertices for i = 9. More details about the digraphs Di,0 appear in [11], see [14] for recent details. For
example, it is shown in [11,14] that D8,0 is isomorphic to the digraph obtained by taking point 8 to be a vertex and point 7
not a vertex.
For α ≥ 1, let Fα be the arc-disjoint union of a 3-1 path and a 4-2 path, namely 3, 2α, 2α−1, . . . , 20, 1α, 1α−1, . . . , 10, 1,
4, 1α, 2α, 1α−1, 2α−1, . . . , 10, 20, 2, with altogether 2α + 6 vertices 1, 2, 3, 4, 10, 20, 11, 21, . . . , 1α, 2α , see Fig. 4 ([11,
Fig. 4]). We assume that vertices 1, 2, 3, 4 are the only common vertices of Fα and Di,0. Define
Di,α = (Di,0 − 0) ∪ Fα where i = 7, 8, 9 and α ≥ 1.
Theorem 4.1 ([11]). For nonnegative integer α and i = 7, 8, 9, the digraphs Di,α form a family of nonhamiltonian 2-
diregular bi-HT oriented graphs of each order n ≥ 7 (and minimum size 2n) with n = i + 2α + 1 if α ≥ 1 and n = i if
α = 0. 
Define F i,α = Di,α − {(1, 4), (1, 6)}where α ≥ 0, i = 7, 8.
Lemma 4.2. For i = 7, 8 and α ≥ 0, the triple (F i,α, {4, 6}, 1) is a smallest B-triple on oriented graph of order n = i+ 2α + 1
if α ≥ 1 and n = i if α = 0.
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Fig. 5. B-triple F5 .
Fig. 6. B-triples F6 and F7 .
Proof. Notice that©(F i,α) = Di,α . Then, due to Definition 3.1 and Theorem 4.1, in order to complete the proof it is enough
to construct an (n − 1)-cycle in Di,α containing one of the arcs (1, 4), (1, 6). If i = 7 then the cycle is 1, 6, 4, 0, 2, 5, 1 for
α = 0(n = 7) and 1, 6, 4, 1α, 2α, 1α−1, 2α−1, . . . , 10, 20, 2, 5, 1 for α ≥ 1. If i = 8 then the cycle is 1, 6, 7, 4, 0, 2, 5, 1 for
α = 0(n = 8) and 1, 6, 7, 4, 1α, 2α, 1α−1, 2α−1, . . . , 10, 20, 2, 5, 1 for α ≥ 1. 
In what follows q stands for a positive integer.
Theorem 4.3. For n ≥ 7q + 7(≥ 14), there exists an n-vertex bi-DH oriented graph Gn with detour deficiency q. Examples of
oriented graphs Gn which are 2-diregular (whence with minimum size 2n) are:
Gn =

©((q+ 1) ? F 7,0) for n = 7q+ 7,
©(q ? F 7,0, F 8,0) for n = 7q+ 8,
©((q− 1) ? F 7,0, 2 ? F 8,0) for n = 7q+ 9,
©(q ? F 7,0, F 7,α) for n = 7q+ 2α + 8, α ≥ 1,
©(q ? F 7,0, F 8,α) for n = 7q+ 2α + 9, α ≥ 1.
Proof. This follows immediately from Lemma 4.2 and Theorem 3.3. 
In Fig. 5 we present a digraphical triple F5. In Fig. 5, and in all subsequent figures which contain digraphical triples, we
indicate the distinguished vertices a, b and c by empty circles. Note that the triple F5 is obtained from a 2-diregular bi-HT
nonhamiltonian digraph, the digraph being found originally by Simões-Pereira and Zamfirescu, cf. [2, Fig. 3]. Hence we have
the following proposition.
Proposition 4.4. The triple (F5, {a, b}, c) is a smallest B-triple on 5 vertices. 
It is known [5–7,15] that the smallest among hypohamiltonian digraphs has order 6, size 12, and is the cartesian product,
say M6, M6 := EC2 × EC3. Thus M6 is a transitive 2-diregular bi-HT nonhamiltonian digraph with 2-cycle. Note that M6 is
obtainable from F6 shown in Fig. 6 by adding two arcs (c, a), (c, b). Hence, due to Definition 3.1, the following holds.
Proposition 4.5. The triple (F6, {a, b}, c) is a smallest B-triple on 6 vertices. 
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Fig. 7. A-tripleW7,3 .
We now construct a triple (F7, {a, b}, c) where, by assumption, a and b are vertices of a 2-cycle in M6. Moreover, we
assume that F7 consists ofM6 − {(a, b), (b, a)} and one new vertex c together with two arcs (a, c), (b, c), see Fig. 6.
Proposition 4.6. The triple (F7, {a, b}, c) is a smallest B-triple on 7 vertices.
Proof. It is rather easy to check that©(F7) is a 2-diregular bi-HT nonhamiltonian digraph.Moreover, there is a longest cycle
in©(F7) which includes c and avoids another vertex. Also, F7 is a smallest B-triple since, being a B-triple, it has 7 vertices
and 12 arcs. 
Theorem 4.7. For n ≥ 5q + 5(≥ 10), there exists an n-vertex bi-DH digraph Dn with 2-cycle and with detour deficiency q.
Examples of digraphs Dn which are 2-diregular (whence with minimum size 2n) are:
Dn =

©(Fi, Fj) for 10 ≤ n = i+ j ≤ 14 and i, j ∈ {5, 6, 7},
©(q ? F5, F 7,α) for n = 5q+ 2α + 8, α ≥ 1,
©(q ? F5, F 8,α) for n = 5q+ 2α + 9, α ≥ 1.
Proof. This follows immediately from Propositions 4.4–4.6, Lemma 4.2 and Theorem 3.3. 
5. Construction of strict out-DH digraphs and oriented graphs
The following family of oriented graphs will be useful: Let v1v2v3 . . . vkv1, where k ≥ 5, be an oriented k-cycle. Let
2 ≤ s ≤ k − 3. Let Wk,s be the oriented graph comprising the k-cycle, three more vertices a, b, c and all the arcs (vm, c),
wherem = 1, 2, 3, . . . , s−1, s+1, s+2, . . . , k−1, and the arcs (a, v1), (a, vk), (vs, a), (vk, b), (b, vs), (b, vs+1). For example,
the oriented graphW7,3 is depicted in Fig. 7.
Lemma 5.1. For k ≥ 5 and 2 ≤ s ≤ k− 3, the digraph Wk,s is a smallest A-triple on an oriented graph of order k+ 3 and is not
a B-triple.
Proof. The order |Wk,s| = k+3. Moreover, the size ‖Wk,s‖ = 2k+4 = 2|Wk,s|−2. HenceWk,s is a smallest triple. Note that
a longest cycle in©(Wk,s), which includes either of two vertices a and b, and all the vertices on the k-cycle avoids precisely
the other of the two vertices. There are exactly two such cycles:
avkv1v2 . . . vk−1ca and vsvs+1 . . . vkv1v2 . . . vs−1cb.
Hence©(Wk,s) satisfies conditions (i) and (ii) of Definition 3.1. Also condition (A) is satisfied, namely©(Wk,s) is out-HT
because it has the following hamiltonian u-out-paths:
avkv1v2 . . . vk−1cb if u = a,
bvsvs+1 . . . vkv1 . . . vs−1ca if u = b,
cav1v2 . . . vkb if u = c,
v1v2 . . . vs−1cavkbvsvs+1 . . . vk−1 if u = v1,
vtvt+1 . . . vsav1v2 . . . vt−1cbvs+1vs+2 . . . vk if u = vt and 2 ≤ t ≤ s,
vs+1vs+2 . . . vkbvsav1v2 . . . vs−1c if u = vs+1,
vtvt+1 . . . vkbvs+1 . . . vt−1cav1v2 . . . vs if u = vt and s+ 2 ≤ t ≤ k.
Because of Lemma 3.1, condition (B) is not satisfied since©(Wk,s) has vertices of in-degree 1, for instance, the vertex
vk−1. 
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Fig. 8. A-triple H7 .
Fig. 9. A-triple H6 .
The triple H7 presented in Fig. 8 is chosen so that©(H7) is an out-HT nonhamiltonian oriented graph on 7 vertices and
with minimum size,©(H7) being presented in [2, Fig. 1].
Proposition 5.2. The triple (H7, {a, b}, c) is a smallest A-triple on an oriented graph of order 7, and is not a B-triple.
Proof. It is easily seen that the digraph©(H7) satisfies requirements (i), (ii), (A) of Definition 3.1. Moreover, the digraph
©(H7) is not in-HT because it has vertices of in-degree 1, e.g. the vertex c. 
Recall that q ≥ 1. In what follows symbols G→ and D→ (with subscript n) stand for strict out-DH oriented graphs and
digraphs respectively (of order n).
Theorem 5.3. For n ≥ 7q+7(≥ 14), there exists an n-vertex strict out-DH oriented graphG→n with detour deficiency q. Examples
of oriented graphs G→n with minimum size are:
G→n :=
{©((q+ 1) ? H7) for n = 7q+ 7,
©(q ? H7,Wn−7q−3,s) for n ≥ 7q+ 8, where 2 ≤ s ≤ n− 7q− 6.
Proof. This follows immediately from Lemma 5.1, Proposition 5.2 and Theorem 3.3. 
The triple (H6, {a, b}, c) shown in Fig. 9 will be used in what follows. Let Φ→6 = ©(H6). The following properties are
easily seen to hold.
Proposition 5.4. (i) Φ→6 is a strict out-HT nonhamiltonian 6-vertex digraph (not in-HT) with minimum size 12 and with
longest cycle passing through the vertex c.
(ii) The triple (H6, {a, b}, c) is a smallest A-triple on 6 vertices, which is not a B-triple. 
Theorem 5.5. For n ≥ 5q + 6(≥ 11), there exists a strict n-vertex out-DH digraph D→n with detour deficiency q. Examples of
digraphs D→n with minimum size are:
D→n :=
{©(q ? F5,H6) for n = 5q+ 6,
©(q ? F5,H7) for n = 5q+ 7,
©(q ? F5,Wn−5q−3,s) for n ≥ 5q+ 8, where 2 ≤ s ≤ n− 5q− 6.
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Fig. 10. Strict out-HT digraphs.
Proof. This follows immediately from Lemma 5.1, Propositions 4.4, 5.2 and 5.4 and Theorem 3.3. 
The following result fills in a gap in the picture of the class of strict out-HT digraphs. These digraphs are not in-HT, and
therefore are nonhamiltonian.
Theorem 5.6. For any n ≥ 6, there exists a strict out-HT n-vertex digraphΦ→n with 2-cycle and minimum size 2n.
Proof. For the smallestΦ→n (with n = 6), see Proposition 5.4. For the next two digraphs, see Fig. 10.
We refer to vertex labels of H6 (and Φ→6 ) which are introduced in Fig. 9. Let Φ
→
7 consist of Φ
→
6 − {(b, e), (e, b)} and a
new vertex g together with four arcs (b, g), (g, b), (g, e), (e, g). Then Φ→7 is a nonhamiltonian digraph since Φ
→
6 is so. In
order to prove thatΦ→7 is out-HT digraph we consider the following hamiltonian x-out-paths P6x inΦ
→
6 :
acbdfe if x = a,
becadf if x = b,
cadfeb if x = c,
dfacbe if x = d,
ebdfac if x = e,
febdca if x = f .
We now construct the hamiltonian x-out-paths P7x ofΦ
→
7 . Let P
7
g = gbdfeca. Remaining paths P7x are obtained from P6x in the
following way: add the arc (e, g) if x = a; replace the arc (b, e) by the path bge if x = b, d; and replace the arc (e, b) by the
path egb if x = c, e, f . Those paths P7x show thatΦ→7 is out-HT.
LetΦ→8 consist ofΦ
→
7 − {(a, c), (c, a)} and a new vertex h together with four arcs (a, h), (h, a), (h, c), (c, h). ThenΦ→8
is clearly nonhamiltonian. We now construct the hamiltonian x-out-paths P8x of Φ
→
8 . Let P
8
h = hadfecbg . Remaining paths
P8x are obtained from P
7
x in the following way: replace the arc (a, c) by the path ahc if x = a, d, e; and replace the arc (c, a)
by the path cha if x = b, c, f , g . HenceΦ→8 is out-HT.
For i = 6, 7 and a positive integer α, let the digraph Φ→2α+i+1 be obtained from digraphs Fα (cf Fig. 4) and Φ→i − a by
identifying vertex 1 with d, 4 with f and two vertices 2 and 3 with c. Assume that the resulting vertices have labels d, f and
c , respectively, and labels of remaining vertices are unchanged. We now construct the hamiltonian x-out-paths P2α+1+ix in
Φ→2α+i+1. We shall use paths of Fα in case Fα ⊂ Φ→2α+i+1 with old vertex labels 1 (= d), 2 or 3 (either being c), and 4 (= f ).
Each of three paths, a single P2α+8g (with i = 7) and two paths P2α+1+if with i = 6, 7, is obtained from P7g and P if respectively
by replacing the last arc (c, a) with a 3-10 spanning path of Fα − {1, 2, 4}. Let the path P2α+1+ix be obtained from P ix by
replacing the subpath cad with a 3-1 spanning path of Fα − {2, 4} if x = b, c; and by replacing the subpath fac with a 4-2
spanning path of Fα − {1, 3} if x = d, e. For i = 6, the remaining vertices x are initial in the following paths P2α+7x (where if
x = 1k, 2k then 0 ≤ k ≤ α − 1):
1α, 2α, 1α−1, 2α−1, . . . , 10, 20, c, b, d, f , e if x = 1α,
2α, 2α−1, . . . , 20, 1α, 1α−1, . . . , 10, d, f , e, c, b if x = 2α,
1k, 1k−1, . . . , 10, d, f , 1α, 2α, 1α−1, 2α−1, . . . , 1k+1, 2k+1, 2k, . . . , 20, c, b, e if x = 1k,
2k, 2k−1, . . . , 20, 1α, 2α, 1α−1, 2α−1, . . . , 1k+1, 2k+1, 1k, 1k−1, . . . , 10, d, f , e, c, b if x = 2k.
HenceΦ→2α+7 is shown to be out-HT.
For i = 7, the remaining paths P2α+8x with x = 1k, 2k where k = 0, . . . , α are obtained from the above paths P2α+7x by
adding the arc (e, g) if x = 1k and by adding the arc (b, g) if x = 2k. HenceΦ→2α+8 is shown to be out-HT.
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None of digraphsΦ→2α+i+1 with i = 6, 7 is hamiltonian because the subdigraphΦ→i − a has neither d-c nor c-f spanning
path. Therefore each of digraphsΦ→7 ,Φ
→
8 andΦ
→
2α+i+1 with i = 6, 7 and α ≥ 1 is not in-HT, because d−(f ) = 1. 
6. Construction of strict DH-digraphs
Theorem 6.1. A strict DH digraph of order n with detour deficiency q exists iff q ≥ 1 and n ≥ q+ 2. Moreover, the minimum of
the size is n− 1 if n = q+ 2 and is n if q+ 3 ≤ n ≤ 2q+ 2 only.
Proof. The following simple construction shows that strict DH-digraphs exist for all pairs (n, q), where n ≥ 3 and
1 ≤ q ≤ n − 2. We will regard a single vertex as a cycle of order 1. Let C = w1w2 . . . wn−q−1w1 be a directed cycle of
order n− q− 1, oriented if n− q− 1 6= 2, and v1, v2, . . . , vq+1 be q+ 1 vertices not on the cycle C . Consider two cases:
(i) n > 2(q + 1). Consider a partition W1,W2, . . . ,Wq+1 of V (C) (into q + 1 subsets Wi). Include an arc (w, vi) for each
w ∈ Wi, i = 1, 2, . . . , q+ 1.
(ii) n ≤ 2(q + 1). Let V1, V2, . . . , Vn−q−1 be a partition of {v1, . . . , vq+1} (into |V (C)| parts). Include an arc (wj, v) for each
v ∈ Vj, j = 1, 2, . . . , n− q− 1(= |V (C)|).
Clearly the resulting digraphs are all strict DH-digraphs, without 2-cycles if n 6= q + 3, with detour deficiency q and order
n. For the case (i) the size is 2(n − q − 1) and for case (ii) the size is n − 1 if n = q + 2 and otherwise is n (that is, for
q+ 3 ≤ n ≤ 2q+ 2). Therefore, the above construction gives strict (n, q) DH-digraphs of the least size in case (ii). Namely,
the underlying connected graph has size at least n−1, and it is easy to see that the size of a connected strict (n, q)DH-digraph
when n− q > 2 is at least n.
It is clear that oriented strict (n, q)DH-digraphs do not exist for n = q+3. Also there is no (connected) (n, q)DH-digraph
if n ≤ q+ 1. 
7. Concluding remarks
The paper is devoted to constructions of different detour homogeneous digraphs which, in almost each case, are of the
smallest possible size for each order under consideration. Theminimumsize of a (n, q) strict DH-digraph,wheren > 2(q+1),
has yet to be determined. The question of determining themaximum size of respective DH digraphs is a rather hard problem
and remains to be tackled.
It is likely that lower bounds on the order n of (n, q) bi-DH digraphswith detour deficiency q = 1 in Theorem4.3 (n ≥ 10)
and 4.3 (n ≥ 14) are sharp.We express our thanks toDr.MariuszMeszka [8] of AGH for his computationswhich show n ≥ 10
and n ≥ 14, respectively.
Note that the three digraphs in Fig. 3 make up a logo of the November workshops ‘3in1’ GRAPHS, organized yearly by the
Dept. of Discrete Math. AGH, see [14], an improvement of [13].
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